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' Abstract 

bJQI We study spin-flavor oscillations of Dirac neutrinos with mixing and having non-zero ma- 

^ ' trix of magnetic moments in magnetic fields of various configurations. We discuss constant 

I transversal and twisting magnetic fields. To describe the dynamics of Dirac neutrinos we 

' use relativistic quantum mechanics approach based on the exact solutions to the Dirac-Pauli 

fS| i equation in an external electromagnetic field. We derive transition probabilities for different 

neutrino magnetic moments matrices. 

I ■ 1 Introduction 

^: 

r~| I Neutrino conversions from one flavor to another combined with the change of the particle 
helicity, e.g. u^' ^ v^, are usually called neutrino spin-flavor oscillations (see Refs. [1]). This 
I . neutrino oscillations type is important since it could be one of the possible explanations of 
\ the time variability of the solar neutrino flux (see, e.g., Refs. [2]). However it was suggested 
in Refs. [3] that neutrino spin- flavor oscillations in solar magnetic fields give a sub-dominant 
i/^ . contribution in to the total conversion of solar neutrinos. 

I In this paper we summarize the results of our recent studies (see Refs. [4, 5]) of neutrino 

00 ' spin-flavor oscillations in external electromagnetic fields of various configurations. We suppose 
. that neutrinos are Dirac particles. To describe the evolution of the neutrino system we use 
\ the approach based on the relativistic quantum mechanics. We start from exact solutions 
^ ' to the Dirac-Pauli equation in an external magnetic field and then derive the neutrino wave 
functions satisfying the given initial condition. We used this method to describe neutrino flavor 
and spin- flavor oscillations in vacuum and in various external fields (see Refs. [4-7]). Note that 
\ neutrino neutrino spin-flavor oscillations in electromagnetic fields of various configurations were 
examined in Refs. [8] using the standard quantum mechanical approach. The propagation and 
oscillations of neutrinos in strong magnetic fields was also studied in Refs. [9]. 

In Sec. [2] we formulate the initial condition problem for the system of two Dirac neutrinos 
which mix and have non-vanishing matrix of magnetic moments. Moreover the mass and the 
magnetic moments matrices are assumed to independent since we study this system on the 
phenomenological level. It means that the diagonalization of the mass matrix does not involve 
the diagonalization of the magnetic moments matrix. In Sec.[3]on the basis of the known solution 
to the Dirac-Pauli equation in the constant transversal magnetic field we describe the time 
evolution of the system in question. We obtain the most general final neutrino wave function 
which exactly takes into account all neutrino magnetic moments and valid for arbitrary strength 
of the external magnetic field. Then we discuss several applications of the yielded results and 
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calculate the transition probability for various magnetic moments matrices. In Sec. |3]we apply 
the same technique for the analysis of spin-flavor oscillations of Dirac neutrinos in the twisting 
magnetic field. We start from the recently obtained solution to the Dirac-Pauli equation for this 
magnetic field configuration. We derive transition probabilities for various types of neutrino 
magnetic moments matrices. Then in Sec. [5] we summarize our results. 



2 Electrodynamics of mixed neutrinos with magnetic moments 

Let us study the evolution of two Dirac neutrinos (i^ajt^fs) that mix and interact with the 
external electromagnetic field F^^i, = (E,B). The Lagrangian for this system has the form 



A=o,/3 AA'=a,/3 



nixx'T^x^x' + i^Mxx'i'xcrfiui^x'F'"' 



(1) 



where afj,^ = {\/2){^^'^y — ^ulp)- The neutrino mass matrix {mxx') and the neutrino magnetic 
moments matrix {Mxx') are generally independent. 

To describe the dynamics of the system we set the initial condition by specifying the initial 
wave functions of flavor neutrinos vx and then analytically determine the wave functions at 
subsequent moments of time. We assume that the initial condition is 

i^„(r,0)=0, i^;3(r,0) =e(r), (2) 

where ^(r) is a given function. Let us choose it in the following form: ,^(r) = e''''"^Oi where 
k = (A;, 0,0) and = (1/2)(1, -1, -1, 1). One can check that (1/2)(1 - Si)^o = Co, i-e. the 
wave function ^(r) corresponds to a left-handed relativistic neutrino propagating along the 
X-axis. The similar choice of the initial condition was adopted in our works [4-7]. 

In order to diagonalize the mass matrix in Eq. ([T|) we introduce the mass eigenstates wave 
functions, V'a; a = 1, 2, obtained from the original flavor wave functions vx through the unitary 
transformation 

^x = ^ Uxai^a, (3) 

a=l,2 

where the matrix (Uxa) is parametrized with help of the mixing angle 9, 

. /cos6' -sin6'\ , 
\smt^ cos 6^ J 

The Lagrangian ([T]) rewritten in terms of the fields ij)a takes the form 

a=l,2 ab=l,2 

where nia is the mass of the fermion ■0a and 

^iab= Yl KxMxx'Uyb, (6) 

XX'=a,l3 

is the magnetic moment matrix presented in the mass eigenstates basis. Note that the matrix 
(fiab) ill Ec[- © can be non-diagonal, i.e. the transition magnetic moment can have non-zero 
value, /ii2 = ^21 = /U / 0. 

Let us assume that the electric field vanishes, E = 0. In this case we write down the 
Dirac-Pauli equation for V'a, resulting from Eq. ([5]), as follows: 

iipa = na'ipa + Vi;b, a, 6 = 1, 2, a^b, (7) 
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where 7ia = (ctp) + P^Ua — Ma/5(^B) is the Hamiltonian for the particle ipa accounting for the 
magnetic field, V = — /i/3(SB) describes the interaction of the transition magnetic moment 
with the external magnetic field and Ha = fJ-aa- 

The general solution to Eq. ([7]) can be presented as follows: 

Mr,t) = I (^e'P"- [aP(t)nPexp(-ii?Pt) +6P(t)t;Pexp(+ii?Pt)] , (8) 

The basis spinors uP and vP , as well as the energy eP , are the exact solutions to the Dirac 
equations, 

nauP=EPuP, navP = -EPvP, (9) 



accounting for the external magnetic field. The discrete quantum number C = ±1 describes 
different polarization state 
general functions of time. 



different polarization states of the fermion ipa- The coefficients aP and bP in Eq. dHj) are in 



3 Neutrino spin-flavor oscillations in the transversal magnetic 
field 

In this section we study the evolution of the system in question under the influence of the 
constant magnetic field directed along the z-axis, B = (0,0,5). 

The basis spinors and energy levels in Eq. ([8]) can be found in Refs. [4,10]. The energy as 
a function of the particle mass and momentum p = (^1,^25^3) is 



EP = ^pI+£P\ £P=£a-Cf^aB, £a 

The basis spinors are expressed in the following form: 



ml+pl +pI. 



(10) 



,(0 



eP 



,(C) 



\ 



fill 



where 



■v/l ± Crua/Sa, a 



± 



eP±C£P, 



and tan 93 = P2/pi- 

Using the results of our paper [4] we obtain the right-handed component of the wave function 
Va accounting for the initial condition ([2]), 



sm f cos o — 
2i 



— i sin(r2+t) exp (i/iBt) — — — sin(r2„t) exp {—i/iBt) 



+ iAi5 



sin(r2_i_t) 9 



sin(r2_t) 9 
— p- sm"' I 

& £1 



cos{fiBt) > exp {—i£t + ikx)Ko, (12) 



where n± = ^{^B)^ + (a;±/2)2, uj± = Ef - E^, fl = (/ii + ^2)/2, £ = (Si + £2)/2 and 
Kq = (1/2) (1, 1, 1, 1). Note that to obtain Eq. ()12p we approach to the relativistic limit k ^ m^. 
Eq. (jl2p is the most general one which accounts for all neutrino magnetic moments. The 



transition probability for the process vj^ — > can be calculated as -Pj^L^^R(t) = |f^(x,i)p. It 
should be also mentioned that Eq. (jl2p corresponds to neutrino spin-flavor oscillations in the 
transversal magnetic field since k = (k, 0, 0) and B = (0, 0, B). 
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Let us discuss two applications of Eq. (jl2p . First we consider the case when fia ^ A*, i-e- 
the magnetic moments matrix in Eq. ^ is close to diagonal. In this situation the transition 
probability calculated from Eq. (jl2p is 

P^L^^nit) = sin2(2(9) {sin^iSfiBt) cos'^{flBt) + sm{mBt) sin(/X25t) sin^ [$(A;)t]} , (13) 

where 6fi = {fii — ^{k) = 5m? /{^ik) is the phase of vacuum oscillations and dm? = 

m\ —m\. In Eq. (I13p we present the zero order (in //) contribution to the transition probability. 
The next order correction can be found in our work [4]. 

Now we consider the situation when ^ ^> i-e. magnetic moments matrix in Eq. ([6]) with 
great non-diagonal elements. In this case the transition probability based on Eq. (jl2p is (see 
Ref. [4]), 

P.L_,H,(t) = cos2(2e) [t^^\ir?m, (14) 

where = ^/{{lBYTW{k) . 

Using Eqs. (llSp and (I14p one can compute transition probabilities for spin-flavor oscillations 
of Dirac neutrinos when particles interact with the constant transversal magnetic field. However 
neutrino oscillations with the most general magnetic moments matrix should be studied on the 
basis of Eq. 



4 Neutrino spin-flavor oscillations in the twisting magnetic field 



In this section we examine the evolution of two Dirac neutrinos under the influence of the 
twisting magnetic field, B = .6(0, sint^x, cos wx), where oj is the frequency of the magnetic field 
rotation in space. Note that neutrino spin-flavor oscillations in the twisting magnetic field were 
studied in Refs. [11] in frames of the standard quantum mechanical approach. 

For this configuration of the magnetic field we should consider the modified wave functions 
in Eq. (I8|), ipa —>■ fpa = ^^V'a, where U = diag(il,it) and il = cos(wx/2) + ici sin(a;x/2). The 
Hamiltonian for the fermions ipa appears to be x-coordinate independent (see Ref. [5]). The 
basis spinors and energy levels in the modified equation ([8]) were found in Ref. [5] . The energy as 
a function of the particle mass and momentum, which is directed along the x-axis, p = (p, 0, 0), 
is 



^Ml + ml+p^-2CRl 



where Rl = ^p^Ml + [^aBYml and A^a = 
following form in the relativistic limit: 



(15) 

The basis spinors take the 



,(C) 



2,j2Ma[Ma + C^/2\ 



2,j2Ma[Ma-C^/2] 



f fIaB + CMa + 0j/2\ 

fiaB - CMa - u;/2 

piaB - CMa - Oj/2 
\flaB + CMa + Uj/2 J 

( Ma-C^/2-ClJiaB\ 
Ma - C^I2 + Cp^aB 
Cw/2 -Ma- CilaB 

\Quj/2 -Ma + Cf^aB j 



(16) 



Note that the spinors in Eq. (jl6p satisfy the orthonormality conditions. 

First let us study the situation when the magnetic moments matrix in Eq. ([6]) is close to 
diagonal, i.e. [la ^ ^. Using the calculations analogous to those in Sec. [3] and the results of our 
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work [5] we receive the zero order term (in ^u) in the expansion of the transition probabihty as 



^(3 



sin^(2g) f ([ixB 



+ 4 



4 \ \Mx 



sinA^it 



M2 



sin A^2i 



sm 



(17) 



M1M2 

Here ^(k) = 5m? /[A{k + uj/2y\ is the oscillations phase which now depends on the frequency of 
the twisting magnetic field. The next order correction in /i can be found in Ref. [5]. 

Now we study the opposite case - the magnetic moments matrix in Eq. ® with great non- 
diagonal elements, ^ fia- This situation should be analyzed non-perturbatively. With help 
of the results of our work [5] we get the following transition probability: 

2 



cos 



^sin Qj^t 



sm 



sin Q-t 



(18) 



where f2± = yJifiBY + [^{k)±u)/2f. 

Eqs. p7p and (jl8p allow one to calculate transition probabilities for spin- flavor oscillations 
of Dirac neutrinos when particles interact with the twisting - or spiral undulator - magnetic 
field and propagate along the undulator axis since k = [k, 0, 0) and B = -6(0, sinwx, coswx). It 
should be noted that Eqs. (fTTI) and (fTH]) reproduce the case of the constant transversal magnetic 
field, i.e. Eqs. ^ and ([HD, if we set w = there. 



5 Conclusion 

We have summarized the results of our studies of the evolution of Dirac neutrinos in external 
electromagnetic fields. To describe the time evolution of the neutrinos system we have applied 
the recently developed approach (see Refs. [4,5]) which is based on the the exact solutions to 
the Dirac-Pauli equation in an external magnetic field with the given initial condition. 

First (Sec. [3]) we have studied the dynamics of two mixed Dirac neutrinos with arbitrary 
magnetic moments matrix in the constant transversal magnetic field. Using earlier obtained 
solutions to the Dirac-Pauli equation we derive the neutrino wave function exactly accounting 
for all neutrino magnetic moments [Eq. (jl2p ] and valid for arbitrary magnetic fields. Then we 
have appled this result for oscillations of neutrinos with various magnetic moments matrices 
and derived transition probabilities [Eqs. ([T3|) and p^ ]. We have discussed another magnetic 
field configuration in Sec. [H The evolution of Dirac neutrinos in the twisting magnetic field has 
been studied there. On the basis of the Dirac-Pauli equation solution in this external magnetic 
field we have obtained the transition probabilities [Eqs. p7p and (|18p ] for different magnetic 
moments matrices. 
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